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A. The IP Weighted estimator

There are at least three algebraically equivalent representations of the g-formula: (1) an ex-
pectation weighted by the joint densities of covariates, (2) an iterative conditional expecta-
tion over time, and (3) an inverse probability weighted expectation. All three representations
are nonparametrically identical, and in this section we will focus on the inverse-probability
weighted (IP weighted) estimator under representation (3).

The IP weighted estimator has been used, for example, to estimate the effects of lifestyle on
coronary heart disease (Young and others , 2019); the effects of aggressive glucose-lowering
strategies on the progression of albuminuria (Neugebauer and others , 2016); the effects of
antiretroviral therapy on mortality (Cain and others , 2010), the effect of joint monitoring
and treatment strategies on mortality (Caniglia and others , 2019) and the effect of treatment
switching strategies (Cain and others , 2016) in HIV positive individuals.

The IP weighted estimator upweights the outcomes of those who followed treatment strategy
g to account for those who did not follow the strategy. For simplicity, we will describe IP
weighted estimators for deterministic treatment strategies, but generalization to any user-
specified intervention will be discussed at the end. In what follows, we will discuss two IP
weighted estimators for the cumulative counterfactual risk under intervention g or E(Y g

J ).

One estimator is an Horvitz-Thompson IP weighted estimator µ̂IPW,HT , which can be ob-
tained from the following:

µ̂IPW,HT=
J∑

j=1

Pn

{
I(Āj−1=Āg

j−1)(1−Cj)(1−Yj−1)∏j−1
k=0f(Ak|Āk−1,L̄k,Yk=0)P (Ck+1=0|Ck=0,Āk,L̄k,Yk=0)

Yj

}
(A.1)

where Pn(X)=n−1
∑n

i=1(Xi) for any random variable X. Since each jth component (j=
0,...,J−1) in the last equation is not a convex combination of the observed outcome values,
the point estimates obtained from the Horvitz-Thompson IP weighted estimator may be
unbounded (i.e. it is not guaranteed to fall between 0 and 1) (see Robins, 2007). Note that
alternatively, we could estimate E(Y g

J ) by calculating

1−Pn

{
I(ĀJ−1=Āg

J−1)(1−CJ)∏J−1
k=0f(Ak|Āk−1,L̄k,Yk=0)P (Ck+1=0|Ck=0,Āk,L̄k,Yk=0)

(1−YJ)

}
.
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Note the estimator Pn

{
I(ĀJ−1=Āg

J−1)(1−CJ )∏J−1
k=0 f(Ak|Āk−1,L̄k,Yk=0)P (Ck+1=0|Ck=0,Āk,L̄k,Yk=0)

YJ

}
is not consistent for

E(Y g
J ) since AJ−1 is only defined when YJ−1=0.

The following estimator requires slightly more modeling effort. This IP weighted estimator
µ̂IPW,Haz can be obtained as a function of J discrete-time hazard of death or

µ̂IPW,Haz=
J∑

j=1

{
ΛIPW,j

j−1∏
k=1

(1−ΛIPW,k)

}
.

Here, Λ̂IPW,j is the estimated conditional probability of death at time j given survival at time
j−1 under treatment strategy g and can be obtained by solving for ΛIPW,j in the following
estimating equations:

Pn

{
(1−Yj−1)

I(Āj−1=Āg
j−1)(1−Cj)∏j−1

k=0f(Ak|Āk−1,L̄k,Yk=0)P (Ck+1=0|Ck=0,Āk,L̄k,Yk=0)
(Yj−ΛIPW,j)

}
=0

(A.2)
Λ̂IPW,j will always be bounded between 0 and 1 since it is always a convex combination of
the observed Yj+1-values and thus E(Y g

J ) will always be bounded between 0 and 1.

Nonparametric estimation of the probability of treatment and the probability of censoring
may not be feasible when Lj is high-dimensional, but we can impose working models to
estimate both. Estimated values for the probability of treatment and probability of censoring
can be obtained by fitting logistic regression models from the observed data. For general
user-specified intervention distribution, we would replace I(Āj−1=Āg

j−1) by
∏j−1

k=0f
int(Aj|

Āj−1,L̄j,Yj=0) in Equations (A.1) and (A.2). In all of the simulation studies (see Web
Appendix E), we provide results from µ̂IPW,HT and µ̂IPW,Haz.

B. Proof that Expression (1) is algebraically equivalent

to Expression (2)

For simplicity, we prove for two time points that Expressions (1) and (2) in the main text
are equivalent. This result can be generalized for any J . We obtain from Expression (1):

∑
∀āj−1

∑
∀l̄j−1

2∑
k=1

P(Yk=1|Yk−1=Ck=0,L̄k−1=l̄k−1,Āk−1=āk−1)×

k−1∏
s=0

P(Ys=0|Ys−1=Cs=0,L̄s−1=l̄s−1,Ās−1=ās−1)f(ls|Ys=Cs=0,l̄s−1,ās−1)f int(as|Ys=Cs=0,l̄s,ās−1)

=
∑
∀l0

∑
∀a0

[{∑
∀l1

∑
∀a1

P (Y2=1|Y1=C2=0,L̄1=l̄1,Ā1=ā1)f int(a1|Y1=C1=0,l̄1,a0)f(l1|Y1=C1=0,l0,a0)

P (Y1=0|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)

}
+P (Y1=1|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)

]
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We obtain from Expression (2):

EfL0

(
Ef int

A0

[
EfY1

{
Y1+EfL1

(
Ef int

A1

[
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1}|Y1,C1=0,L̄1,A0

]
|Y1,C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

Taking the inner-most expectation w.r.t. Y2 given (Y1,{C2=0},L̄1,Ā1), then w.r.t. A1 (under
f int) given (Y1,{C1=0},L̄1,A0), and then w.r.t. L1 given (Y1,{C1=0},L0,A0) yields:

EfL0

(
Ef int

A0

[
EfY1

{
Y1+EfL1

(
Ef int

A1

[
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1}|Y1,C1=0,L̄1,A0

]
|Y1,C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

=EfL0

(
Ef int

A0

[
EfY1

{
Y1+(1−Y1)

∑
∀l1

∑
∀a1

E(Y2|Y1=C2=0,L0,A0,l1,a1)f int(a1|Y1=C1=0,L0,A0,l1)f(l1|Y1=C1=0,L0,A0)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

Then taking expectation w.r.t. Y1 given ({C1=0},L0,A0), then w.r.t. A0 (under f int) given
(L0), and finally w.r.t. L0 yields:

EfL0

(
Ef int

A0

[
EfY1

{
Y1|C1=0,L0,A0

}∣∣∣L0

])
+EfL0

(
Ef int

A0

[
EfY1

{
(1−Y1)

∑
∀l1

∑
∀a1

E(Y2|Y1=C2=0,L0,A0,l1,a1)

f int(a1|Y1=C1=0,L0,A0,l1)f(l1|Y1=C1=0,L0,A0)

∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])
=
∑
∀l0

∑
∀a0

P (Y1=1|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)+
∑
∀l̄1

∑
∀ā1

P (Y2=1|Y1=C2=0,L̄1=l̄1,Ā1=ā1)

f int(a1|Y1=C1=0,l̄1,a0)f(l1|Y1=C1=0,l0,a0)P (Y1=0|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)

=
∑
∀l0

∑
∀a0

[{∑
∀l1

∑
∀a1

P (Y2=1|Y1=C2=0,L̄1=l̄1,Ā1=ā1)f int(a1|Y1=C1=0,l̄1,a0)f(l1|Y1=C1=0,l0,a0)

P (Y1=0|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)

}
+P (Y1=1|C1=0,L0=l0,A0=a0)f int(a0|l0)f(l0)

]

which is what we obtain from Expression (1). Similarly, to show that Expressions (1.d) and
(2.d) are algebraically equivalent, we note that for two time points Expression (1.d) equals:

∑
∀l̄1

2∑
k=1

P(Yk=1|Yk−1=Ck=0,L̄k−1=l̄k−1,Āk−1=āgk−1)×

k−1∏
s=0

P(Ys=0|Ys−1=Cs=0,L̄s−1=l̄s−1,Ās−1=āgs−1)f(ls|Ys=Cs=0,l̄s−1,ā
g
s−1)

=
∑
∀l0

[{∑
∀l1

P (Y2=1|Y1=C2=0,L̄1=l̄1,Ā1=āg1)f(l1|Y1=C1=0,l0,a
g
0)P (Y1=0|C1=0,L0=l0,A0=ag0)f(l0)

}

+P (Y1=1|C1=0,L0=l0,A0=ag0)f(l0)

]
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We obtain from Expression (2.d):

EfL0

[
EfY1

{
Y1+EfL1

(
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1=Āg

1}|Y1,C1=0,L0,A0=Ag
0

)∣∣∣C1=0,L0,A0=Ag
0

}]

Taking the inner-most expectation w.r.t. Y2 given (Y1,{C2=0},L̄1,{Ā1=Āg
1}), and then w.r.t.

L1 given (Y1,{C1=0},L0,{A0=Ag
0}) yields:

EfL0

[
EfY1

{
Y1+EfL1

(
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1=Āg

1}|Y1,C1=0,L0,A0=Ag
0

)∣∣∣C1=0,L0,A0=Ag
0

}]

=EfL0

[
EfY1

{
Y1+(1−Y1)

∑
∀l1

E(Y2|Y1=C2=0,L0,l1,Ā1=Āg
1)f(l1|Y1=0,L0,A

g
0)
∣∣∣C1=0,L0,A0=Ag

0

}]

Taking expectation w.r.t. Y1 given ({C1=0},L0,A0), and finally w.r.t. L0 yields:

EfL0

[
EfY1

{
Y1|C1=0,L0,A0=Ag

0

}]
+EfL0

[
EfY1

{
(1−Y1)

∑
∀l1

E(Y2|Y1=C2=0,L0,l1,Ā1=Āg
1)f(l1|Y1=0,L0,A

g
0)

∣∣∣∣∣C1=0,L0,A0=Ag
0

}]
=
∑
∀l0

P (Y1=1|L0=l0,A0=ag0)f(l0)+
∑
∀l̄1

P (Y2=1|Y1=0,L̄1=l̄1,Ā1=āg1)f(l1|Y1=0,l0,a
g
0)P (Y1=0|L0=l0,A0=ag0)f(l0)

=
∑
∀l0

[{∑
∀l1

P (Y2=1|Y1=C2=0,L̄1=l̄1,Ā1=āg1)f(l1|Y1=C1=0,l0,a
g
0)P (Y1=0|C1=0,L0=l0,A0=ag0)f(l0)

}

+P (Y1=1|C1=0,L0=l0,A0=ag0)f(l0)

]

which is what we obtain from Expression (1.d).

C. Details on the hazard-extended ICE estimator

C.1 Deterministic treatment strategies

In this section, we show that Expressions (2) and (2.d) equal E(Y g
J ). Since we have shown in

Web Appendix B that Expressions (2) and (2.d) equal Expressions (1) and (1.d), respectively,
Expressions (1) and (1.d) also equal E(Y g

J ). Again, for simplicity, we show this for two time
points, but the result can be generalized for any J .
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We obtain from Expression (2.d) and from the observed data:

EfL0

[
EfY1

{
Y1+EfL1

(
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1=Āg

1}|Y1,C1=0,L0,A0=Ag
0

)∣∣∣C1=0,L0,A0=Ag
0

}]

=EfL0

{
EfY1

[
Y1+(1−Y1)EfL1

{
P (Y2=1|Y1=C2=0,L̄1,Ā1=Āg

1)︸ ︷︷ ︸
hg
2,1

|Y1=C1=0,L0,A0=Ag
0

}∣∣∣C1=0,L0,A0=Ag
0

]}

=EfL0

[
P (Y1=1|C1=0,L0,A0=Ag

0)︸ ︷︷ ︸
hg
1,0

+P (Y1=0|C1=0,L0,A0=Ag
0)EfL1

(
hg2,1|Y1=C1=0,L0,A0=Ag

0

)]

=EfL0

[
hg1,0+(1−hg1,0)EfL1

(
hg2,1|Y1=C1=0,L0,A0=Ag

0

)
︸ ︷︷ ︸

hg
2,0

]
=EfL0

(hg2,0)

The first line in the equations can be shown to equal E(Y g
2 ) under consistency, positivity

and exchangeability. This is because under these assumptions, hg2,1=E(Y g
2 |Y1=C2=0,L̄1,Ā1=

Āg
1)=E(Y g

2 |Y1=C1=0,L̄1,A0=Ag
0), and hg2,1+(1−hg2,1)EfL1

(
hg2,1|Y1=C1=0,L0,A0=Ag

0

)
=P(Y g

1 =
1|C1=0,L0,A0=Ag

0)+P(Y g
2 =1,Y g

1 =0|C1=0,L0,A0=Ag
0)=P(Y g

2 =1|C1=0,L0,A0=Ag
0)=P(Y g

2 =1|
L0) for deterministic treatment strategies.

Since (hg2,1, h
g
2,1, h

g
2,0) are generally unknown, they need to be estimated. The corresponding

predicted values are represented by (ĥg1,0, ĥ
g
2,1, ĥ

g
2,0), respectively, in the algorithm from

Sections 4.2.1 and 4.2.2.

To predict (hg1,0, h
g
2,1, h

g
2,0), we can solve a set of estimating equations. For the stratified

ICE, step 1 amounts to solving for θj,j−1 (j=1,...,J) in:

Pn

{
φ(L̄j−1)

(
Yj−expit

{
θTj,j−1φ(L̄j−1)

})
I(Āj−1=Āg

j−1)Yj−1(1−Cj)

}
=0 (C.1)

where Pn(X)= 1
n

∑n
i=1Xi and expit{θTj,j−1φ(L̄j−1)}=E(Yj|Yj−1=Cj=0,L̄j−1,Āj−1=

Āg
j−1;θj,j−1), and step 3 amounts to solving for θJ,k in:

Pn

{
φ(L̄k)

(
ĥgJ,k+1−expit{θTJ,kφ(L̄k)}

)
I(Āk=Āg

k)Yk+1(1−Ck+1)

}
=0 (C.2)

where expit{θTj,kφ(L̄k)}=E(ĥgj,k+1|Yk+1=Ck+1=0,L̄k,Āk=Āg
k;θJ,k).

Let θ=(θ1,0,θ2,1,...,θJ,J−1,θ2,0,...,θJ,J−2,...,θJ,0). Under regularity conditions for M-

estimators, θ̂=(θ̂1,0,θ̂2,1,...,θ̂J,J−1,θ̂2,0,...,θ̂J,J−2,...,θ̂J,0) has probability limits θ∗=
(θ∗1,0,θ

∗
2,1,...,θ

∗
J,J−1,θ

∗
2,0,...,θ

∗
J,J−2,...,θ

∗
J,0). In addition, it can be shown that the estima-

tor θ̂ for θ is asymptotically linear (Tsiatis, 2006). Suppose that the true values
for θ are represented by θ0=(θ0

1,0,θ
0
2,1,...,θ

0
J,J−1,θ

0
2,0,...,θ

0
J,J−2,...,θ

0
J,0). If the model for

E(Yj|Yj−1=Cj=0,L̄j−1=l̄j−1,Āj−1=Āg
j−1) (∀j≤J) is correctly specified, then the estimating

equations (C.1) are unbiased when θ∗j,j−1=θ0
j,j−1. Then under sufficient regularity conditions,

ĥgj,j−1 converges in probability to hgj,j−1 (∀j≤J). In particular, ĥgJ,J−1 converges in probability
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to hgJ,J−1. By induction, suppose that the probability limit of ĥgJ,k+1 equals hgJ,k+1 under
correctly specified outcome regression models from times J−2 to k+1. If the model for
E(hgJ,k+1|Yk+1=Ck+1=0,L̄k=l̄k,Āk=Āg

k) is correctly specified, then the estimating equations

(C.2), with ĥgJ,k+1 replaced with its limit, are unbiased when θ∗J,k=θ0
J,k. By the continuous

mapping theorem, ĥgJ,k converges in probability to hgJ,k.

The consistency of the pooled ICE can be proven in the same way. However, we note that
in the stratified ICE, step 1 amounts to solving for θj,j−1 (j=1,...,J) in:

Pn

{
φ(L̄j−1,Āj−1)

(
Yj−expit

{
θTj,j−1φ(L̄j−1,Āj−1)

})
Yj−1(1−Cj)

}
=0

where expit{θTj,j−1φ(L̄j−1,Āj−1)}=E(Yj|Yj−1=Cj=0,L̄j−1,Āj−1;θj,j−1), and step 3 amounts to
solving for θJ,k in:

Pn

{
φ(L̄k,Āk)

(
ĥJ,k+1−expit{θTJ,kφ(L̄k,Āk)}

)
Yk+1(1−Ck+1)

}
=0

where expit{θTJ,kφ(L̄k)}=E(ĥgJ,k+1|Yk+1=Ck+1=0,L̄k,Āk;θJ,k). Note that we can also use the
general sandwich variance estimator for our ICE estimators, but computation is cumbersome
for multiple time points. We recommend using non-parametric bootstrap variance estimator.

C.1.1 An alternative pooled hazard-extended ICE estimator

Suppose that f int(A0|L0)=I{Ag
0}(A0) and f int(A1|Y1=C1=0,L̄1,A0)=I{Ag

1}(A1). Then it is
immediate that the following equation holds:

EfL0

(
Ef int

A0

[
EfY1

{
Y1+EfL1

(
Ef int

A1

[
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1}|Y1,C1=0,L̄1,A0

]
|Y1,C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

=EfL0

[
EfY1

{
Y1+EfL1

(
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1=Āg

1}|Y1,C1=0,L0,A0=Ag
0

)∣∣∣C1=0,L0,A0=Ag
0

}]

and more generally Expression (2) equals Expression (2.d) for deterministic treatment strate-
gies. Thus under consistency, positivity and exchangeability E(Y g

2 ) can be identified from
the observed data.
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We can obtain from Expression (2) and from the observed data:

EfL0

(
Ef int

A0

[
EfY1

{
Y1+EfL1

(
Ef int

A1

[
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1}|Y1,C1=0,L̄1,A0

]
|Y1,C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

=EfL0

{
Ef int

A0

(
EfY1

[
Y1+(1−Y1)EfL1

{
P (Y2=1|Y1=C2=0,L̄1,A1=Ag

1,A0)︸ ︷︷ ︸
h
a
g
1

2,1

|Y1=C1=0,L0,A0

}∣∣∣∣∣C1=0,L0,A0

]∣∣∣∣∣L0

)}

=EfL0

[
Ef int

A0

{
P (Y1=1|C1=0,L0,A0)+P (Y1=0|C1=0,L0,A0)EfL1

(
h
ag1
2,1|Y1=C1=0,L0,A0

)∣∣∣L0

}]
=EfL0

[
P (Y1=1|C1=0,L0,A0=Ag

0)︸ ︷︷ ︸
h
a
g
0

1,0

+P (Y1=0|C1=0,L0,A0=Ag
0)EfL1

(
h
ag1
2,1|Y1=C1=0,L0,A0=Ag

0

)]

=EfL0

[
hg1,0+(1−hg1,0)EfL1

(
h
ag1
2,1|Y1=C1=0,L0,A0=Ag

0

)
︸ ︷︷ ︸

h
a
g
0

2,0

]
=EfL0

(h
ag0
2,0)

Since (h
ag0
1,0, h

ag1
2,1, h

ag0
2,0) are generally unknown, they need to be estimated. We can do so using

the following estimator:

Let ĥ
agj−1

j,j−1 be the predicted outcome for h
agj−1

j,j−1 and let ĥ
agk
J,k be the predicted outcome for h

agk
J,k.

1. For each j=1,...,J , regress Yj on L̄j−1 and Āj−1 in those whose Yj−1=Cj=0 with pa-
rameter θj,j−1.

2. For each j=1,...,J , obtain predicted values ĥ
agj−1

j,j−1 from E(Yj|Yj−1=Cj=

0,L̄j−1,Āj−2,Aj−1=Ag
j−1;θ̂j,j−1) for all of those whose Yj−1=Cj−1=0 by fixing

Aj−1=Ag
j−1. Set q=2.

3. Let k=J−q: Regress ĥ
agk+1

J,k+1 from the previous step on L̄k and Āk (observed treatment
values) in those whose Yk+1=Ck+1=0 with parameter θJ,k. That is, fit the model for:

E(ĥ
agk+1

J,k+1|Yk+1=Ck+1=0,L̄k,Āk;θJ,k) (C.3)

4. Obtain predicted values ĥ
agk
J,k from

E(ĥ
agk+1

J,k+1|Yk+1=Ck+1=0,L̄k,Āk−1,Ak=Ag
k;θ̂J,k)×(1−ĥa

g
k

k+1,k)+ĥ
agk
k+1,k (C.4)

by fixing Ak=Ag
k for all of those whose Yk=Ck=0.

5. If q<J , then let q=q+1 and return to Step 3.

By the end of this algorithm, we obtain predicted values ĥ
ag0
J,0 and average over L0 to obtain

an estimate for E(Y g
J ). Note that for NICE, under the Monte Carlo simulation, estimating

Expression (1) is equivalent to estimating Expression (1.d), so there is only one way of
estimating Expression (1).
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C.2 Random treatment strategies

If one were to carry out a study under a random treatment intervention f int(aj|Yj=Cj=
0,l̄j,āj−1), by probability rules, the risk under that intervention of interest is precisely given
by g-formula (1) and (2). In addition, by design a random treatment intervention satisfies
the exchangeability and consistency assumptions for a set of g∈G that are observable under
f int(aj|Yj=Cj=0,l̄j,āj−1). To identify the risk from the observed data, we need the following.

Under our exchangeability and consistency assumptions, the g-formula (1.d) and (2.d) for
the risk associated with any deterministic dynamic regimes satisfying positivity is equal to
the counterfactual risk had all subjects followed that regime. It follows that the risk under
the random dynamic regime with intervention distribution f int(aj|Yj=Cj=0,l̄j,āj−1) is given
by (1) and (2) and algebraically equals a weighted average of risk associated with the set
of deterministic dynamic regimes satisfying positivity under f int(aj|Yj=Cj=0,l̄j,āj−1) that
only depend on past covariate history (Robins, 1986; Young and others , 2011). Hence, if the
positivity, consistency and exchangeability holds for the aforementioned set of deterministic
dynamic regimes, then we will be able to identify the risk under the random intervention of
interest from the observed data.

We now define hint
2,1 and hint

2,0 for two time points. From Expression (2), we obtain:

EfL0

(
Ef int

A0

[
EfY1

{
Y1+EfL1

(
Ef int

A1

[
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1}|Y1,C1=0,L̄1,A0

]
|Y1,C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

=EfL0

(
Ef int

A0

[
EfY1

{
Y1+(1−Y1)EfL1

(
Ef int

A1

[
EfY2

(Y2|Y1=C2=0,L̄1,Ā1)|Y1=C1=0,L̄1,A0

]
|Y1=C1=0,L0,A0

)∣∣∣∣∣C1=0,L0,A0

}∣∣∣∣∣L0

])

=EfL0

[
Ef int

A0

{
P (Y1=1|C1=0,L0,A0)+P (Y1=0|C1=0,L0,A0)EfL∗

1

(
hint

2,1|Y1=C1=0,L0,A0

)∣∣∣L0

}]
=EfL∗

0
(hint

2,0)

As argued previously, the first line in the equations above can be shown to equal the risk
at time 2 under the treatment intervention provided that the conditions required for identi-
fiability (as stated above) hold. Note that the expectations taken w.r.t. A1 and A0

are under f int. Thus, hint
2,1, hint

2,0, L∗1 and L∗0 depend on the random treatment strategy. We
consider two examples.

Example 1: “independently at each month, treat individuals with probability 0.3”

EfL1

(
Ef int

A1

[
EfY2

(Y2|Y1=C2=0,L̄1,Ā1)|Y1=C1=0,L̄1,A0

]
|Y1=C1=0,L0,A0

)
=
∑
∀l1

{
E(Y2|Y1=C2=0,L1=l1,A1=1,L0,A0)×0.3+E(Y2|Y1=C2=0,L1=l1,A1=0,L0,A0)×0.7

}
f(l1|L0,A0,Y1=C1=0)

=EfL∗
1

{
E(Y2|Y1=C2=0,L̄1,A1=1,A0)×0.3+E(Y2|Y1=C2=0,L̄1,A1=0,A0)×0.7︸ ︷︷ ︸

hint
2,1

∣∣∣L0,A0,Y1=C1=0)

}

where L∗1=L1. Thus, in this example hint
2,1=Ef int

A1

[
EfY2

(Y2|Y1=C2=0,L̄1,Ā1)|Y1=C1=0,L̄1,A0

]
.

Similarly, hint
2,0=Ef int

A0

{
P (Y1=1|C1=0,L0,A0)+P (Y1=0|C1=0,L0,A0)EfL∗

1

(
hint

2,1|Y1=C1=0,L0,A0

)∣∣∣L0

}
.
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Example 2: “independently at each month, treat all individuals whose CD4≤x, but do not
intervene on treatment if an individual’s CD4>x”

EfL1

(
Ef int

A1

[
EfY2

(Y2|Y1=C2=0,L̄1,Ā1)|Y1=C1=0,L̄1,A0

]
|Y1=C1=0,L0,A0

)
=
∑
∀l1

{
E(Y2|Y1=C2=0,l1,A1=1,L0,A0)I(l1≤x)+

∑
∀a1

E(Y2|Y1=C2=0,l1,a1,L0,A0)I(l1>x)f(a1|Y1=C1=0,l1,L0,A0)

}
f(l1|L0,A0,Y1=C1=0)

=
∑

∀l1,a1

{
E(Y2|Y1=C2=0,l1,A1=1,L0,A0)I(l1≤x)+E(Y2|Y1=C2=0,l1,a1,L0,A0)I(l1>x)

}
f(a1|Y1=C1=0,l1,L0,A0)f(l1|L0,A0,Y1=C1=0)

=EfL∗
1

{
E(Y2|Y1=C2=0,L̄1,A1=1,A0)I(L1≤x)+E(Y2|Y1=C2=0,L̄1,Ā1)I(L1>x)︸ ︷︷ ︸

hint
2,1

∣∣∣L0,A0,Y1=C1=0

}

where L∗1=(L1,A1). Similarly, it can be shown that

hint
2,0=

{
P (Y1=1|C1=0,L0,A0=1)+P (Y1=0|C1=0,L0,A0=1)EfL∗

1

(
hint

2,1|Y1=C1=0,L0,A0=1
)}
I(L0≤x)+{

P (Y1=1|C1=0,L0,A0)+P (Y1=0|C1=0,L0,A0)EfL∗
1

(
hint

2,1|Y1=C1=0,L0,A0

)}
I(L0>x)

and that
EfL∗

0
(hint

2,0)=
∑
∀l0,a0

hint
2,0f(a0|l0)f(l0)

where L∗0=(L0,A0).

The consistency of the stratified ICE estimator for the random treatment strategy can be
realized by noting that it can be written as a weighted average of a set of deterministic
treatment strategies. The consistency of the pooled ICE estimator can be proven in a
similar way as for deterministic treatment strategies.

C.3 Examples of the pooled hazard-extended ICE estimators

Example 1: “independently at each month, treat individuals with probability 0.3”

In Step 2, predict ĥint
J,J−1 from

0.3·E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−2,AJ−1=1;θ̂J,J−1)+0.7·E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−2,AJ−1=0;θ̂J,J−1)

for those whose YJ−1=CJ−1=0. In Step 4, predict ĥint
J,k from

0.3·
{

E(ĥint
J,k+1|Yk+1=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂J,k)×{1−E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂k+1,k)}+

E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂k+1,k)
}

+

0.7·
{

E(ĥint
J,k+1|Yk+1=Ck+1=0,L̄k,Āk−1,Ak=0;θ̂J,k)×{1−E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=0;θ̂k+1,k)}+

E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=0;θ̂k+1,k)
}
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for those whose Yk=Ck=0.

Example 2: “independently at each month, treat all individuals whose CD4≤x, but do not
intervene on treatment if an individual’s CD4>x”

In Step 2, predict ĥint
J,J−1 from E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−2,AJ−1=1;θ̂J,J−1) in those whose

CD4J−1≤x and YJ−1=CJ−1=0, and predict ĥint
J,J−1 from E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−1;θ̂J,J−1)

in those whose CD4J−1>x and YJ−1=CJ−1=0. In Step 4, predict ĥint
J,k from

E(ĥint
J,k+1|Yk+1=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂J,k)×{1−E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂k+1,k)}+

E(Yk+1|Yk=Ck+1=0,L̄k,Āk−1,Ak=1;θ̂k+1,k)

in those whose CD4k≤x and Yk=Ck=0, and predict ĥint
J,k from

E(ĥint
J,k+1|Yk+1=Ck+1=0,L̄k,Āk;θ̂J,k)×{1−E(Yk+1|Yk=Ck+1=0,L̄k,Āk;θ̂k+1,k)}+

E(Yk+1|Yk=Ck+1=0,L̄k,Āk;θ̂k+1,k)

in those whose CD4k>x and Yk=Ck=0.
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D. Classical ICE estimator

D.1 Deterministic treatment strategies

D.1.1 Procedure 1: stratifying on treatment history

The following procedure can be implemented in existing an R package called ltmle (Lendle
and others , 2017). Iteratively, the algorithm for time J is defined as follows:

1. Regress YJ on L̄J−1 in those whose YJ−1=CJ=0 and who followed the regime ĀJ−1=
Āg

J−1 with parameter θJ,J−1.

2. Obtain predicted values ĥgJ,J−1 from E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−1=Āg
J−1;θ̂J,J−1) by fix-

ing AJ−1=Ag
J−1 in those whose (YJ−1,CJ−1,ĀJ−2)=(0,0,Āg

J−2). Set q=2.

3. Let k=J−q: Let Q̂g
J,k+1=ĥgJ,k+1 for those whose Yk+1=0 and let Q̂g

J,k+1=1 for those

whose Yk+1=1. Regress Q̂g
J,k+1 on L̄k in those whose Yk=Ck+1=0 and who followed the

regime Āk=Āg
k with parameter θJ,k.

4. Obtain predicted values ĥgJ,k from E(Q̂g
J,k+1|Yk=Ck+1=0,L̄k,Āk=Āg

k;θ̂J,k) by fixing Ak=

Ag
k in those whose (Yk,Ck,Āk−1)=(0,0,Āg

k−1).

5. If q<J , then let q=q+1 and return to step 3.

6. Average over ĥgJ,0.

D.1.2 Procedure 2: pooling over treatment history

1. Regress YJ on L̄J−1 and ĀJ−1 in those whose YJ−1=CJ=0 with parameter θJ,J−1.

2. Obtain predicted values ĥgJ,J−1 from E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−1=Āg
J−1;θ̂J,J−1) by fix-

ing ĀJ−1=Āg
J−1 for all of those whose YJ−1=CJ−1=0. Set q=2.

3. Let k=J−q: Let Q̂g
J,k+1=ĥgJ,k+1 for those whose Yk+1=0 and let Q̂g

J,k+1=1 for those

whose Yk+1=1. Regress Q̂g
J,k+1 on L̄k and Āk in those whose Yk=Ck+1=0 with parameter

θJ,k.

4. Obtain predicted values ĥgJ,k from E(Q̂g
J,k+1|Yk=Ck+1=0,L̄k,Āk=Āg

k;θ̂J,k) by fixing Āk=

Āg
k for all of those whose Yk=Ck=0.

5. If q<J , then let q=q+1 and return to step 3.

6. Average over ĥgJ,0.

Setting Q̂g
J,k+1 to be 1 if Yk=1 does not effectively utilize information on the hazard of the

event at time k and is consequently inefficient. Hence, this estimation procedure is less
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efficient than the ICE procedure in Section 4.2.2, as seen in our simulation studies.

D.2 Random treatment strategies

1. Regress YJ on L̄J−1 and ĀJ−1 in those whose YJ−1=CJ=0 with parameter θJ,J−1.

2.(a) If f int(aJ−1|YJ−1=CJ−1=0,l̄J−1,āJ−2) deterministically equals 1 for some (l̄J−1,āJ−2):
then using the fitted model E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−1;θ̂J,J−1), predict ĥint

J,J−1 by fix-
ing AJ−1=aJ−1 consistent with the treatment strategy for those with this observed
history of (l̄J−1,āJ−2) and whose YJ−1=CJ−1=0. Set q=2.

(b) If f int(aJ−1|YJ−1=CJ−1=0,l̄J−1,āJ−2)=f(aJ−1|YJ−1=CJ−1=0,l̄J−1,āJ−2), the observed
treatment distribution, for some (l̄J−1,āJ−2): then using the fitted model E(YJ |YJ−1=
CJ=0,L̄J−1,ĀJ−1;θ̂J,J−1), predict ĥint

J,J−1 by setting AJ−1 to the observed treatment value

at time J−1 for those with this observed history of (l̄J−1,āJ−2) and whose YJ−1=CJ−1=0

(c) Otherwise obtain predicted values ĥint
J,J−1 by estimating∑

∀aJ−1

E(YJ |YJ−1=CJ=0,L̄J−1,ĀJ−2,AJ−1=aJ−1;θ̂J,J−1)f int(aJ−1|YJ−1=CJ−1=0,L̄J−1,ĀJ−2)

for those who do not meet the conditions in (a) and (b) and whose YJ−1=CJ−1=0.

(d) Set q=2.

3. Let k=J−q: Let Q̂int
J,k+1=ĥint

J,k+1 for those whose Yk+1=0 and let Q̂int
J,k+1=1 for those whose

Yk+1=1. Regress the predicted values Q̂int
J,k+1 from the previous step on L̄k and Āk in those

whose Yk=Ck+1=0 with parameter θJ,k.

4. (a) If f int(ak|Yk=Ck=0,l̄k,āk−1) deterministically equals 1 for some (l̄k,āk−1): then using
the fitted model

E(Q̂int
J,k+1|Yk=Ck+1=0,L̄k,Āk;θ̂J,k) (D.1)

predict ĥint
J,k by fixing Ak=ak according to the random treatment strategy for of those

with this observed history of (l̄k,āk−1) and whose Yk=Ck=0.

(b) If f int(ak|Yk=Ck=0,l̄k,āk−1)=f(ak|Yk=Ck=0,l̄k,āk−1) for some (l̄k,āk−1): then using
Expression (D.1), predict ĥint

J,k by setting Ak to the observed treatment value at time

k for those with this observed history of (l̄k,āk−1) and whose Yk=Ck=0.

(c) Otherwise predict ĥint
J,k by estimating∑

∀ak

f int(ak|Yk=Ck=0,L̄k,Āk−1)E(Q̂int
J,k+1|Yk=Ck+1=0,L̄k,Āk;θ̂J,k)

for those who do not meet the conditions in (a) and (b) and whose Yk=Ck=0.

5. If q<J , then let q=q+1 and return to Step 3.
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6. Average over ĥint
J,0.

We can also show how Expression (2.d) correspond to the classical ICE:

EfL0

(
EfY1

{
Y1+EfL1

(
EfY2
{Y2(1−Y1)|Y1,C2=0,L̄1,Ā1=Āg

1}|Y1,C1=0,L0,A0=Ag
0

)∣∣∣∣∣C1=0,L0,A0=Ag
0

}∣∣∣∣∣
)

=EfL0

{
EfY1

[
Y1+(1−Y1)EfL1

{
P (Y2=1|Y1=C2=0,L̄1,Ā1=Āg

1)︸ ︷︷ ︸
hg
2,1

|Y1=C1=0,L0,A0=Ag
0

}∣∣∣∣∣C1=0,L0,A0=Ag
0

]}

=EfL0

{
EY1,L1

[
Y1+(1−Y1)hg2,1︸ ︷︷ ︸

Qg
2,1

∣∣∣∣∣C1=0,L0,A0=Ag
0

]}
=EfL0

{
EY1,L1

(
Qg

2,1

∣∣∣C1=0,L0,A0=Ag
0

)
︸ ︷︷ ︸

hg
2,0

}
=EfL0

(hg2,0)

Note that regressing Y1+(1−Y1)ĥg2,1 on (L0,A0) with a particular functional form is the same

as regressing P sat(Y1=1|L0,A0)+P sat(Y1=0|L0,A0)Ê(ĥg2,1|Y1=0,L0,A0) on (L0,A0) with the
same functional form, where P sat(Y1=1|L0,A0) is the nonparametric estimate of the hazard
at time 1 given L0 and A0, and the regression of ĥg2,1 on (L0,A0) (in order to estimate

Ê(ĥg2,1|L0,A0)) is also of the same functional form.

D.3 Heuristic reason why classical ICE estimators may be less
efficient than hazard-extended ICE estimators

We utilize the idea of Rao-Blackwellization often used in Monte Carlo computation. Suppose
that we have two variables X and Y . Both Y and E(Y |X) are unbiased estimators of E(Y ),
but it can be shown that Var(Y )≥Var{E(Y |X)} and so it would be preferable to use E(Y |X).
Indeed, we can reduce the variance of an estimator if we can replace a random sample with
its expectation (see also Schafer, 1997; Robins, 1986; Liu, 2008).

Suppose that we observe (L,A,Y,Z) and we are interested in µ=E(Z). Then an unbiased
estimator of µ is Pn{E(Z|Y=0,A,L)(1−Y )+Y }. Let µ̃=E(Z|Y=0,A,L)(1−Y )+Y . We now
show that the variance for µ̃ can be improved if we exploit further knowledge about the
distribution of Y . If we now define µ∗=E(µ̃|A,L)=E(Z|Y=0,A,L)P(Y=0|A,L)+P(Y=1|
A,L), then Pn(µ∗) is another unbiased estimator of E(Z). Moreover,

E{(µ∗−µ)2}=E[{E(µ̃|A,L)−µ}2]

=E[{E(µ̃−µ|A,L)}2]

≤E[E{(µ̃−µ)2|A,L}]=E{(µ̃−µ)2}
The inequality follows by Jensen’s inequality. This implies that the unbiased estimate ob-
tained from µ∗ will be at least as efficient than the unbiased estimate obtained from µ̃. By
the same argument we can see that Rao-Blackwellization can also be useful in our hazard-
extended ICE procedure for the g-formula. We would expect that it may be more efficient if
we can exploit knowledge about the hazard of past outcomes Yj (for all j≤J) or if we have
a good approximation of the hazard, than implicitly integrating over Yj nonparametrically
(see paragraph directly above Section D.3).
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E. Simulation description and additional results

In the simulation study described in Sections 4.3 and 5.4, L0∼Ber(0.5). For j≥1:

Cj∼Ber{expit(−3−Aj−1+0.75Lj−1)}, if Yj−1=0,

Cj=1 if Cj−1=1, otherwise Cj=∅
Yj∼Ber{expit(−2−2Aj−1+Lj−1)}, if Yj−1=0 and Cj=0,

Yj=1 if Yj−1=1, otherwise Yj=∅
Lj∼Ber{expit(−2−2Aj−1)}, if Yj=0 and Lj−1=0,

Lj=1 if Yj=0 and Lj−1=1, otherwise Lj=∅
Aj∼Ber{expit(−1.5+Lj)}, if Yj=0 and Aj−1=0,

Aj=1 if Yj=0 and Aj−1=1, otherwise Aj=∅

The stratified ICE estimator for our random treatment strategy requires one to estimate∑
g∈Gwt(g)E(Y g

J ), where wt(g)=qg0 . Since we only have one time-varying covariate Lj, we

can work out qgJ−1(l̄J−2) and qgj (l̄j−1) for each J=1,...,5.

When J=1, qg0=f(ag0|l0,1)f(ag0|l0,2), where l0,1=0 and l0,2=1. Note that f(ag0|l0)≡f int(a0|l0).
There are two deterministic treatment strategies {g1,g2}∈G with non-zero weights, and they
are ag10 =0 and ag20 =l0. When ag10 =0, for example, qg10 =f int(0|l0,2), which in turn equals the
observed treatment distribution P(A0=0|L0=1). When ag20 =L0, qg20 =f int(l0,2|l0,2)=P(A0=1|
L0=1). Clearly, wt(g1)+wt(g2)=1.

The number of deterministic treatment strategies corresponding to the random treatment
strategy increases with the number of follow-ups. When J=2, there are four deterministic
treatment strategies {g1,g2,g3,g4}∈G with non-zero weights, and they are (ag10 ,a

g1
1 )=(l0,l1),

(ag20 ,a
g2
1 )=(0,l1), (ag30 ,a

g3
1 )=(l0,l0), (ag40 ,a

g4
1 )=(0,l0).

When J=3, there are eight deterministic treatment strategies {g1,...,g7,g8}∈G with non-zero
weights, and they are (ag10 ,a

g1
1 ,a

g1
2 )=(l0,l1,l2), (ag20 ,a

g2
1 ,a

g2
2 )=(0,l1,l2), (ag30 ,a

g3
1 ,a

g3
2 )=(l0,l0,l1),

(ag40 ,a
g4
1 ,a

g4
2 )=(l0,l1,l1), (ag50 ,a

g5
1 ,a

g5
2 )=(0,l0,l1), (ag60 ,a

g6
1 ,a

g6
2 )=(0,l1,l1), (ag70 ,a

g7
1 ,a

g7
2 )=(0,l0,l2),

(ag80 ,a
g8
1 ,a

g8
2 )=(l0,l0,l2).

When J=4, there are sixteen deterministic treatment strategies {g1,...,g15,g16}∈G with
non-zero weights, and they are (ag10 ,a

g1
1 ,a

g1
2 ,a

g1
3 )=(l0,l1,l2,l3), (ag20 ,a

g2
1 ,a

g2
2 ,a

g2
3 )=(0,l1,l2,l3),

(ag30 ,a
g3
1 ,a

g3
2 ,a

g3
3 )=(0,l1,l2,l2), (ag40 ,a

g4
1 ,a

g4
2 ,a

g4
3 )=(l0,l0,l2,l2), (ag50 ,a

g5
1 ,a

g5
2 ,a

g5
3 )=(l0,l0,l2,l3),

(ag60 ,a
g6
1 ,a

g6
2 ,a

g6
3 )=(l0,l0,l1,l2), (ag70 ,a

g7
1 ,a

g7
2 ,a

g7
3 )=(l0,l0,l1,l3), (ag80 ,a

g8
1 ,a

g8
2 ,a

g8
3 )=(l0,l1,l1,l2),

(ag90 ,a
g8
1 ,a

g8
2 ,a

g8
3 )=(l0,l1,l1,l3), (ag100 ,ag101 ,ag102 ,ag103 )=(0,l0,l1,l2), (ag110 ,ag111 ,ag112 ,ag113 )=(0,l0,l1,l3),

(ag120 ,ag121 ,ag122 ,ag123 )=(0,l1,l1,l2), (ag130 ,ag131 ,ag132 ,ag133 )=(0,l1,l1,l3), (ag140 ,ag141 ,ag142 ,ag143 )=
(0,l0,l2,l2), (ag150 ,ag151 ,ag152 ,ag153 )=(0,l0,l2,l3), (ag160 ,ag161 ,ag162 ,ag163 )=(l0,l1,l2,l2).

When J=5, there are thirty-two deterministic treatment strategies {g1,...,g31,g32}∈G with
non-zero weights, and they are: (ag10 ,a

g1
1 ,a

g1
2 ,a

g1
3 ,a

g1
4 )=(l0,l1,l2,l3,l4), (ag20 ,a

g2
1 ,a

g2
2 ,a

g2
3 ,a

g2
4 )=

(0,l1,l2,l3,l4), (ag30 ,a
g3
1 ,a

g3
2 ,a

g3
3 ,a

g3
4 )=(0,l1,l2,l2,l3), (ag40 ,a

g4
1 ,a

g4
2 ,a

g4
3 ,a

g4
4 )=(0,l1,l2,l2,l4),

(ag50 ,a
g5
1 ,a

g5
2 ,a

g5
3 ,a

g5
4 )=(0,l1,l2,l3,l3), (ag60 ,a

g6
1 ,a

g6
2 ,a

g6
3 ,a

g6
4 )=(l0,l0,l2,l2,l3), (ag70 ,a

g7
1 ,a

g7
2 ,a

g7
3 ,a

g7
4 )=

(l0,l0,l2,l2,l4), (ag80 ,a
g8
1 ,a

g8
2 ,a

g8
3 ,a

g8
4 )=(l0,l0,l2,l3,l3),
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(ag90 ,a
g8
1 ,a

g8
2 ,a

g8
3 ,a

g9
4 )=(l0,l0,l2,l3,l4), (ag100 ,ag101 ,ag102 ,ag103 ,ag104 )=(l0,l0,l1,l2,l3),

(ag110 ,ag111 ,ag112 ,ag113 ,ag114 )=(l0,l0,l1,l2,l4), (ag120 ,ag121 ,ag122 ,ag123 ,ag124 )=(l0,l0,l1,l3,l3),
(ag130 ,ag131 ,ag132 ,ag133 ,ag134 )=(l0,l0,l1,l3,l4), (ag140 ,ag141 ,ag142 ,ag143 ,ag144 )=(l0,l1,l1,l2,l3),
(ag150 ,ag151 ,ag152 ,ag153 ,ag154 )=(l0,l1,l1,l2,l4), (ag160 ,ag161 ,ag162 ,ag163 ,ag164 )=(l0,l1,l1,l3,l3),
(ag170 ,ag171 ,ag172 ,ag173 ,ag174 )=(l0,l1,l1,l3,l4), (ag180 ,ag181 ,ag182 ,ag183 ,ag184 )=(0,l0,l1,l2,l3),
(ag190 ,ag191 ,ag192 ,ag193 ,ag194 )=(0,l0,l1,l2,l4), (ag200 ,ag201 ,ag202 ,ag203 ,ag204 )=(0,l0,l1,l3,l3),
(ag210 ,ag211 ,ag212 ,ag213 ,ag214 )=(0,l0,l1,l3,l4), (ag220 ,ag221 ,ag222 ,ag223 ,ag224 )=(0,l1,l1,l2,l3),
(ag230 ,ag231 ,ag232 ,ag233 ,ag234 )=(0,l1,l1,l2,l4), (ag240 ,ag241 ,ag242 ,ag243 ,ag244 )=(0,l1,l1,l3,l3),
(ag250 ,ag251 ,ag252 ,ag253 ,ag254 )=(0,l1,l1,l3,l4), (ag260 ,ag261 ,ag262 ,ag263 ,ag264 )=(0,l0,l2,l2,l3),
(ag270 ,ag271 ,ag272 ,ag273 ,ag274 )=(0,l0,l2,l2,l4), (ag280 ,ag281 ,ag282 ,ag283 ,ag284 )=(0,l0,l2,l3,l3),
(ag290 ,ag291 ,ag292 ,ag293 ,ag294 )=(0,l0,l2,l3,l4), (ag300 ,ag301 ,ag302 ,ag303 ,ag304 )=(l0,l1,l2,l2,l3),
(ag310 ,ag311 ,ag312 ,ag313 ,ag314 )=(l0,l1,l2,l2,l4), (ag320 ,ag321 ,ag322 ,ag323 ,ag324 )=(l0,l1,l2,l3,l3).

[Table 1 about here.]

[Table 2 about here.]

E.1 Additional example of a random treatment strategy

In this section, we consider a simple simulation study for one time point. We generate
(L0,A0,Y1), where L0=(L10,L20), L10∼Ber(0.5), L20∼Ber(0.5), A0∼Ber{expit(1−2L10+L20+
L10L20)} and Y1∼Ber{expit(−1+A0+2L10−2L20+L10L20)}. We consider a delayed initiation
of antiretroviral therapy until L10=0 (e.g. L10 is an indicator of a high CD4 count), but
allowing for 1-year grace period from the time that a subject first drops to a low CD4 count.

Now that we are considering two time-varying covariates, the cardinality of |L0| is four.
Therefore, qg0=f(ag0|l10,1,l20,1)f(ag0|l10,2,l20,2)f(ag0|l10,3,l20,3)f(ag0|l10,4,l20,4), where (l10,1,l20,1)=
(0,0), (l10,2,l20,2)=(0,1), (l10,3,l20,3)=(1,0) and (l10,4,l20,4)=(1,1). There are four deterministic
treatment strategies {g1,g2,g3,g4}∈G with non-zero weights, and they are ag10 =(1−l10)l20,
ag20 =(1−l10)(1−l20), ag30 =1−l10, ag40 =0. The bias and standard error from this simulation are
0.0001 and 0.0205, respectively.

We have shown previously that the number of deterministic treatment strategies in G with
non-zero weights corresponding to a random treatment strategy increases with the number
of follow-up times. It is easy to see here that when we increase the number of time-varying
covariates, it will become more difficult to list every deterministic treatment strategy that
is consistent with the random treatment strategy.

E.2 Simulation study with a continuous time-varying confounder

In this section, we consider a simulation study for J=5. We generate (L0,A0,C1,Y1,...,C5,Y5),
where Lj=(L1j,L2j), L10∼Ber(0.5), L20∼Normal(2,1), A0∼Ber{expit(−1+L10−0.25L20)},
C1∼Ber{expit(−3−A0+0.75L10−0.5L20)} and Y1∼Ber{expit(−1−2A0+2L10−0.5L20)}. In
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addition for j≥1:

Cj∼Ber{expit(−3−Aj−1+0.75L1,j−1−0.5L2,j−1)}, if Yj−1=0,

Cj=1 if Cj−1=1, otherwise Cj=∅
Yj∼Ber{expit(−1−2Aj−1+2L1,j−1−0.5L2,j−1)}, if Yj−1=0 and Cj=0,

Yj=1 if Yj−1=1, otherwise Yj=∅
L1j∼Ber{expit(−2−2Aj−1−0.5L2,j−1)}, if Yj=0 and Lj−1=0,

L1j=1 if Yj=0 and L1,j−1=1, otherwise L1j=∅
L2j∼Normal(2+Aj−1−L1,j−1+0.5L2,j−1,1), if Yj=0, otherwise L2j=∅

Aj∼Ber{expit(−1+L1j−0.25L2j)}, if Yj=0 and Aj−1=0,

Aj=1 if Yj=0 and Aj−1=1, otherwise Aj=∅

We consider deterministic and random treatment strategies: (1) a delayed initiation of treat-
ment until the first time L2j<2.75 (e.g. transformed CD4 count) or when L1j=1 (e.g. AIDS),
whichever happens first, (2) a delayed initiation of treatment that also allows for 1-year grace
period from the time that this threshold is met.

The true parametric models for the g-formula estimator based on NICE were the ones used for
the simulation because we used a data generating mechanism without unmeasured common
causes of covariates and outcomes. Similarly, the correct treatment model for IP weighting
was the one used in the data generation process. The true risks of death were calculated by
using these models to generate a Monte Carlo sample of size 107. We use the true outcome
regression model in the nonstratified ICE to model the hazard at each time point. For all
other models in ICE, we include L1j, L2j and Wj and their pairwise interactions.

[Table 3 about here.]

[Table 4 about here.]
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F. Computation considerations for ICE and NICE

One way to determine the computational efficiency under each method is time complexity,
which describes how the runtime of a function grows as the size of our input grows. In a GLM,
the time complexity is given by O(p3+Np2), where N is the number of rows (person-time)
and p is the number of covariates in our GLM (H2O, 2017).

In our HIV-CAUSAL Collaboration analysis, there are more than 2,500,000 person-month
observations and 55,826 individuals. Hence, the time complexity of a pooled regression model
fitted using the person-time observations will increase the computational cost greatly.

Generally in NICE, we fit separate models for the time-varying confounders, treatment
and outcome by pooling the person-time observations across time. For example, in HIV-
CAUSAL, each of models for the outcome, time-varying confounders and treatment uses
over 2,500,000 observations. If there are a lot of time-varying confounders, then ICE can be
more computationally efficient than NICE. This is because in ICE, we do not fit regression
models for the time-varying confounders or treatment. Moreover, the regression models in
Step 3 of the algorithm for ICE generally require a much smaller data set. For example, in
HIV-CAUSAL, each of the regression models uses 55,826 observations or less.

A computational disadvantage of the ICE is that at the end of the algorithm for ICE, we
are only able to estimate the average causal effect at time J . Whereas at the end of the
algorithm for NICE, we are able to estimate the average causal effect for all time points
through time J (i.e. time points 1,2,...,J). Furthermore, the ICE estimator requires a
separate set of regression models for each treatment strategy, whereas NICE only requires a
one-time estimation of the conditional densities.
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